This paper presents several issues that characterize the buckling behaviour of elliptical cylindrical shells and tubes under compression. First, a formulation of Generalised Beam Theory (GBT) developed to analyse the elastic buckling behaviour of non-circular hollow section (NCHS) members is presented. Since the radius varies along the cross-section mid-line, the main concepts involved in the determination of the deformation modes are adapted to account for the specific aspects related to elliptical cross-section geometry. After that, two independent sets of fully orthogonal deformation modes are determined: (i) local-shell modes satisfying the null membrane shear strain but exhibiting transverse extension and (ii) shell-type modes satisfying both assumptions of null membrane shear strain and null transverse extension. In order to illustrate the application, capabilities and versatility of the formulation, the local and global buckling behaviour of elliptical hollow section (EHS) members subjected to compression is analysed. In particular, in-depth studies concerning the influence of member length on the variation of the critical load and corresponding buckling mode shape are presented. Moreover, the GBT results are compared with estimates obtained by means of shell finite element analyses and are thoroughly discussed. The results show that short to intermediate length cylinders buckle mostly in local-shell modes, exhibiting only transverse extension, while intermediate length to long cylinders buckle mostly in shell-type modes (distortional and global modes), which are characterized by transverse bending and primary warping displacements. It is also shown that the present formulation is very efficient from the computational point of view since only three deformation modes (one local-shell, one distortional and one global) are required to evaluate the buckling behaviour of EHS cylinders for a wide range of lengths.
Introduction
The stability of circular hollow section members (cylinders and tubes) has been studied both analytically and experimentally since the beginning of 20th century. The buckling behaviour of axially compressed cylindrical members was first approximately analysed by Lorenz (1908) . However, experimental test results indicate that cylinders buckled at loads well bellow those predicted by the early theoretical solutions based on small deflection theory. Subsequently, Donnell (1934) realised that linear stability analyses were inadequate and suggested the need for a method of analysis that would account for large deflections. The first accurate solution for geometrically non linear analysis was obtained by Von Karman and Tsien (1941) . A few years later, the investigation carried out by Donnel and Wan (1950) was of paramount importance, showing that initial imperfections were responsible for the great inconsistency between analytical estimates and experimental results. Additionally, it is fair to say that the work carried out by Koiter (1945) was also very relevant, concerning the establishment of a general theory of structural stability and the influence of imperfections (sensitivity) on the shell stability behaviour. Since then, numerous studies on the behaviour of axially compressed circular hollow section (CHS) members have been carried out, in particular, for short members (cylinders).
Concerning the stability behaviour of non-circular hollow section (NCHS) cylindrical shells and tubes, there is a much smaller amount of work. Due to the fact that the radius varies along the cross-section mid-line, the stability analysis becomes increasingly complex. After the first theoretical study on non-circular shells by Marguerre (1951) , Kempner and his colleagues Chen, 1964, 1967; Feinstein et al., 1971a,b) investigated extensively the buckling and postbuckling behaviour of oval cylindrical shells under compression. From these studies, they conclude that members with high A/B values (eccentric ovals, where A and B are the major and minor axis widths) are much less sensitive to imperfections and the ultimate load may even be greater than the buckling load, a sentence that was in sharp contrast with the significant imperfection sensitivity of circular cylindrical shells. Based on this inconsistency, Hutchinson (1968) investigated the buckling and post-buckling behaviour of oval cylindrical shells and concluded that these members are imperfection-sensitive (like circular shells) but the buckling phenomenon is not catastrophic (like in circular shells) and failure may even occur at a higher load than the buckling load (see Fig. 1 ). A few years later, Tennyson et al. (1971) reached to a similar conclusion: elliptical cylindrical shells with moderate to high eccentricity (A/B P 2) exhibit ultimate loads higher than their buckling loads. This was attributed to the fact that highly eccentric elliptical cylindrical shells display a post-buckling behaviour more close to the plate behaviour (stable) than the circular cylindrical shell one (unstable). Therefore, the buckling behaviour of non-circular shells acquired a renewed interest, in comparison with the corresponding post-buckling behaviour. However, it should be noticed that these authors analysed only short members (i.e., cylinders), for which buckling takes place at the zone of maximum radius (near the minor axis of the oval section) and occurs for short half-wavelengths. The stability behaviour of intermediate length to long shells (i.e., tubes) with NCHS remains an unsolved problem.
After the pioneering works of Kempner and Hutchinson, relevant investigations on the non-linear behaviour of non-circular cylindrical shells were carried out by Sun (1991) , Sheinman and Firer (1994) , Suzuki et al. (1994) , Soldatos (1999) and Meyers and Hyer (1996) . More recently, the buckling and post-buckling behaviour of elliptical and oval section cylindrical shells under compression attracted the attention of some researchers, either in the context of composite materials (Sambandama et al., 2003) or isotropic materials (Gardner, 2005; Chan and Gardner, 2008; Zhu and Wilkinson, 2007) . Sambandama et al. (2003) analysed the buckling behaviour of composite elliptical cylindrical shells subjected to axial compression. Nowadays, elliptical hollow sections (EHS) made of steel have become popular and represent a quite interesting solution for all visible applications in steel construction, particularly for glass facades. These shapes are included in the new edition of European Norm 10210 (CEN, 2006) and display a standard range of dimensions. Regarding these hot-rolled sections, Gardner (2005) and Chan and Gardner (2008) assessed their non-linear behaviour by means of experimental and numerical (shell finite element) analyses and compared the results with the estimates provided by preliminary design rules. Very recently, Zhu and Wilkinson (2007) also performed shell finite element analyses to evaluate the buckling and post-buckling behaviour of EHS in compression and compared the results with the predictions obtained by means of available formulae for equivalent CHS.
Generalised Beam Theory (GBT), which extends Vlasov's classical beam theory in order to account for in-plane local and distortional cross-section deformations, has been shown to constitute a rather powerful, elegant and clarifying tool to investigate the local and global buckling behaviour of thin-walled prismatic structural members. Recently, GBT was extended by Silvestre (2007) to analyse the buckling behaviour of CHS members under compression, bending and/or torsion. Therefore, the main objectives of the present paper are the following: (i) to develop a formulation to perform GBT analysis of NCHS members, (ii) to present and discuss some numerical results concerning the local and global buckling behaviour of uniformly compressed members with EHS, and (iii) to revisit and show the accuracy of classical buckling formulae for ''equivalent" CHS cylindrical shells. In particular, in-depth studies concerning the influence of member length on the variation of the critical stress and corresponding buckling mode shape are presented. Finally, and in order to validate and illustrate the application of the developed GBT, the results obtained are compared with values yielded by shell finite element analyses.
Formulation for non-circular hollow sections (NCHS)
Let us consider the general NCHS member depicted in Fig. 2 (a) and oriented accordingly with the global coordinate system X, Y, Z. In order to account for cross-section in-plane deformation effects, it is worth considering the local coordinate system x, h and z, (longitudinal coordinate x X 2 [0; L], tangential or angular coordinate h 2 [0; 2p], thickness or radial coordinate z 2 [ À t/2; +t/2]). Therefore, the displacement components in the local coordinate system (x, h and z) are u, v and w, which correspond to warping (or longitudinal), transverse (or tangential) and flexural (or radial) displacements, respectively (see Fig. 2(b) ).
According to the theory of shells, the complete and exact strain-displacement (kinematic) relations (Sanders, 1963; Ju and Kyriakides, 1992 ) that satisfy the Love-Kirchhoff assumption are given by
where
and
One should mention that the bending curvature in the transverse direction j hh (Eq. (8)) depends on the derivative w.r.t. h and that b h (Eq. (5)) is a function of the radius r(h). Since the objective of this formulation is to analyse the buckling behaviour of elliptical section members subjected to uniform compression, the non-linear components in e hh and c xh are disregarded herein. In fact, these non-linear components are needed for buckling analysis of members subjected to lateral pressure (e hh ) and torsion or shear (c xh ). Thus, one obtains 
In several theoretical formulations for NCHS, the last term in the r.h.s. of Eq. (11) is frequently simplified: r is taken independent of h and the derivative or/oh is disregarded. In order to obtain a displacement representation which is compatible with the classical beam theories, each displacement component (u(x, h), v(x, h) and w(x, h)) must be expressed as a product of two single-variable functions, one depending on x (member axis coordinate) and the other on h (tangential angle). Such a variable separation procedure, which is commonly used in the analysis of rectangular plates and folded-plate structures, leads to uðx; hÞ ¼ u k ðhÞ Á / k;x ðxÞ vðx; hÞ ¼ v k ðhÞ Á / k ðxÞ wðx; hÞ ¼ w k ðhÞ Á / k ðxÞ ð13Þ where (i) the summation convention applies to the subscript k, (ii) u k (h), v k (h) and w k (h) are mid-line ''displacement profiles" and (iii) / k (x) is a ''displacement amplitude function" defined along the member length L. It worth pointing out that this displacement representation is also employed in the formulation of the finite strip method. Introducing (13) in (10)- (12), one obtains the following linear strain components
and also the axial non-linear strain component
As a first step towards deriving the GBT variational equation for EHS members, let us consider the first variation of strain energy given by
where L, r and t are the member length, cross-section mid-surface radius and thickness, respectively, and r h xx is a pre-buckling normal stress. Taking into account (i) the displacement approximations (13), (ii) the kinematic relations (14)- (17) 
where Q 11 = Q 22 = E/(1 À m 2 ), Q 12 = mQ 11 and Q 33 = G, it is possible to rewrite the strain energy variation in the following form
The matrices appearing in (22) and stemming from the cross-section integrations of displacement components and their derivatives, are defined by
It is worthwhile noticing that A ij ¼ Q ij t and D ij ¼ Q ij t 3 =12 are membrane and flexural stiffness components. At this point, it fair to say that the present bifurcation analysis considers a simplified pre-buckling state, since it neglects the effect of (i) normal stresses r 0 hh in the circumferential (transverse) direction and (ii) membrane shear stresses c 0 xh , arising from the combined effect of uniform compression, boundary conditions and Poisson's effect. Therefore, one considers only the pre-buckling normal stresses r 0 xx arising from uniform compression.
1 They appear in (27) and are expressed by
and their resultant (axial load) is
As for the nature of the matrices defined in (23)- (27), it is worth noting that:
(i) C ik , D ik and B ik are stiffness matrices associated with generalised warping, twisting and transverse bending (cross-section in-plane deformation), respectively. The first two terms of C ik stand for the cross-section primary and secondary warping components. (ii) X 1ik is the geometric stiffness matrix that accounts for the destabilizing effect of pre-buckling normal stresses r 0 xx associated with the deformation mode 1 (axial mode).
Deformation modes of the elliptical hollow section (EHS)
In the GBT analysis, the deformation mode can be classified into three main categories: (i) axial mode, (ii) shell-type modes and (iii) local-shell modes. Axial mode corresponds to the axial extension one of classical beam theories. Shell-type modes satisfy both assumptions of (i) null membrane shear strain and (ii) null transverse (circumferential) extension -these assumptions are usually designated as Vlasov's hypotheses. The shell-type modes are subdivided into two categories: global modes and distortional modes. While global modes exhibit primary warping (axial) displacements u and undeformed crosssection contour (they correspond to minor and major axis bending modes of classical beam theories), the distortional modes exhibit primary warping (axial) displacements u and also deformation of cross-section contour. Finally, local-shell modes only satisfy the assumption of null shear strain. They are circumferentially extensible and exhibit non-null radial displacements w, null warping displacements (u = 0) and null displacements in the tangential direction (v = 0). After the characterisation of the elliptical section geometry (radius and curvature) in Section 3.1, the determination of the deformation modes is explained in Sections 3.2, 3.3 and 3.4.
Characterisation of the geometric configuration
Let us consider the elliptical section depicted in Fig. 3(a) , which has a wall thickness t and the position of a point P located in its mid-line configuration may be determined by the well known parametric expressions
where A and B are the major and minor axis width values, respectively, and a is the angle from the ellipse centre, as depicted in Fig. 3(a) . Since the main purpose is to define the ellipse radius r and curvature v at any given point, for instance P, let us consider a more convenient system of coordinates. Instead of considering the ellipse centre angle a, one may use the tangential angle h between the normal at P and the major axis Y (see Fig. 3(b) ). The convenience of this system of coordinates is due to the fact that the displacement components v and w defined previously are oriented in the tangential (h) and radial (z) directions to the ellipse mid-line, respectively. On the other hand, it is well known that the ellipse radius r and curvature v are given by 
and that the angles a and h are related by means of
Using Eqs. (31)- (33), one can easily express the exact radius r(h) and curvature v(h) by means of the following Fourier cosine series
where a 0 and c 0 are the independent terms of the Fourier series and N a and N c are the maximum number of terms required to achieve convergence. In order to illustrate the above mentioned procedure, let us consider an EHS with the major and minor axis width values equal to A = 150 mm and B = 100 mm, respectively. Using the symbolic manipulation code Maple V (WMS, 2001), one obtained the following Fourier cosine series for the radius of curvature r(h) (in mm), (31) and (33)). From the observation of these figures one concludes that two-term expansion r 2 (h) does not give a satisfactory approximation near the points of maximum and minimum radius (close to the major and minor ellipse axes): the error varies between 10% and 22.5%. This conclusion was also achieved by Meyers and Hyer (1996) for an EHS cylinder with B/A = 0.7. Furthermore, using better approximations with three (r 4 (h)) and four (r 6 (h)) terms, the maximum error significantly decreases to 5.2% and 1.2%, respectively. Finally, adopting a five-term expansion r 8 (h), one obtains a perfect match with the exact expression and the maximum error never exceeds more than 0.2%.
On the other hand, using the symbolic manipulation code Maple V (WMS, 2001) to determine the Fourier cosine series for the curvature v(h) (in mm (33)). From the observation of these figures one concludes that two-term expansion v 2 (h) gives a fairly suitable approximation since the maximum error is 5.8%. However, if one adopts a three-term expansion v 4 (h), the maximum error significantly decreases to 0.2%. From this analysis, one can immediately conclude that, at least for the present geometry, the curvature v is accurately predicted with fewer terms than the radius r. Generally speaking, the curvature converges more rapidly to the exact solution than the radius, thus needing less terms in the series. The radius expansion usually needs, in average, twice more terms than the curvature series (N a % 2N c ). However, this relation highly depends on the ellipse eccentricity 
and, for very eccentric ellipses (e close to unity), the number of terms in the radius expansion (N a ) strongly increases and becomes much higher than the number of curvature terms (N c ).
Axial extension mode and pre-buckling axial load
In order to analyse the axial deformation behaviour and the pre-buckling behaviour of compressed members, it is essential to consider the axial extension mode 1, which is characterized by the displacement profile
In order to perform GBT buckling analyses of members under uniform compression, one considers the axial load as the prebuckling internal force(N W 1 ). Introducing the displacement profile for mode 1 (u 1 = 1) in expressions (28) and (29), one obtains the pre-buckling stress and the corresponding resultant for uniform compression,
Writing the pre-buckling stress as a function of the axial resultant and introducing this in Eq. (27), one obtains the usual form of the geometric stiffness matrix associated with axial compression 
Shell-type modes
Like in the conventional GBT, let us assume that the membrane (i) shear strain ðc M xh Þ and (ii) transverse extension ðe M hh Þ are null. These assumptions are well known as Vlasov's hypotheses, are widely accepted and used in the analysis of thin-walled members (folded-plate structures) and their adoption clearly simplifies the analysis without compromising the accuracy of the results, as it will be seen later. This is mainly due to the fact that most of the strain energy stored in deflected (buckled) thin-walled members is associated with wall bending and cross-section warping, not with membrane shear strain and/or transverse extension. Hence, one has
and, therefore, it is possible to obtain the u k and w k displacement profiles using only the transverse displacement profile v k , i.e.,
Like in CHS (Silvestre, 2007) , one adopts the following two (sine and cosine) independent sets of functions to approximate the transverse (or tangential) displacements,
In order to have null transverse extension, the Eq. (43) applies and the flexural (or radial) displacements w are given by For the EHS considered previously (A = 150 mm, B = 100 mm), the elliptical section in-plane deformed configurations of the most relevant initial shell-type modes are depicted in Fig. 6 . Note that m = 1 for modes 2 and 3 and, consecutively, one has m = 2 (modes 4 and 5), m = 3 (modes 6 and 7), m = 4 (modes 8 and 9), m = 5 (modes 10 and 11) and m = 6 (modes 12 and 13). Note that these configurations (v k and w k ) satisfy the assumption of null transverse extension ðe M hh ¼ 0Þ. Finally, and in order to satisfy Eq. (42) (i.e., to have null membrane shear strain), the warping (or longitudinal) displacement profiles are given by
Bearing in mind that the ellipse radius r depends on the tangential angle h, one introduces the Eq. (34) into Eq. (47) and performs the integration, thus obtaining For the EHS geometry adopted herein (A = 150 mm, B = 100 mm), it was previously seen that N a = 4 is needed to achieve radius r convergence -this means that the series (36e) is adopted herein. In the present analysis, one used m = 1,. . . ,10 and, therefore, one obtains a maximum of 2m + 1 = 21 shell-type modes. The total set of axial and shell-type modes is characterized by:
Mode 1: u 1 = 1 and v 1 = w 1 = 0 2 . Modes 2 and 3: m = 1, one term (h) in v, w and five terms (h, 3h, 5h, 7h, 9h) in u. Modes 4 and 5: m = 2, one term (2h) in v, w and five terms (2h,4h,6h, 8h, 10h) in u. Modes 6 and 7: m = 3, one term (3h) in v, w and six terms (h, 3h, 5h, 7h, 9h, 11h) in u. Modes 8 and 9: m = 4, one term (4h) in v, w and six terms (2h, 4h, 6h, 8h, 10h, 12h) in u. Modes 10 and 11: m = 5, one term (5h) in v, w and seven terms (h, 3h, 5h, 7h, 9h, 11h, 13h) in u. Modes 12 and 13: m = 6, one term (6h) in v, w and seven terms (2h, 4h, 6h, 8h, 10h,12h, 14h) in u. Modes 14 and 15: m = 7, one term (7h) in v, w and eight terms (h, 3h, 5h, 7h, 9h, 11h, 13h, 15h) in u. Modes 16 and 17: m = 8, one term (8h) in v, w and eight terms (2h, 4h, 6h, 8h, 10h,12h, 14h, 16h) in u. Modes 18 and 19: m = 9, one term (9h) in v, w and nine terms (h, 3h, 5h, 7h, 9h, 11h, 13h, 15h, 17h) in u. Modes 20 and 21: m = 10, one term (10h) in v, w and nine terms (2h, 4h, 6h, 8h, 10h,12h,14h,16h,18h ) in u.
For instance, one obtains the following expressions for the warping displacement profiles u of bending modes 2 and 3, 
The variation of the warping displacements u k with h is shown in Fig. 7 (a) and (b) for the first four even-number (u 2m ) and odd-number (u 2m+1 ) modes, respectively. Notice that, for the bending modes 2 and 3 (Eq. (49)), the maximum values of the thick solid lines are 100 and 150, which represent the minor (B) and major (A) axis width values of the ellipse, respectively. Moreover, become also aware of the fact that the even-number modes (2, 4, 6, 8) exhibit anti-symmetric warping distribution while the odd-number modes (3, 5, 7, 9) display a symmetric warping distribution. Due to the fact that the displacement profile of axial extension mode (Eq. (39)) satisfies both conditions (42) and (43), this mode also complies with the assumptions used to determine the shell-type modes, i.e., c xh = e hh = 0. Therefore, the axial extension mode can be easily inserted in the family of shell-type modes (that is why one used the subscript ''1", the first shell-type mode).
Despite the fact that these initial shell-type modes satisfy both assumptions ðc
hh ¼ 0Þ, they are not fully orthogonal since both matrices C (from the warping stiffness matrix C ik -Eq. (23)) and B (from the transverse bending stiffness matrix B ik -Eq. (26)) are fully populated. In GBT analysis, the complete diagonalisation of these matrices is achieved by means of the eigenvalue problem,
which gives the following results:
(i) Three null eigenvalues k 1 = k 2 = k 3 = 0 corresponding to three eigenvectors y 1 , y 2 and y 3 , each one associated to a specific cross-section rigid-body motion -axial extension (mode 1), minor axis bending (mode 2) and major axis bending (mode 3). Each of these eigenvectors has one unit component while all the other components are null. These shell-type modes are designated as global modes since the cross-section does not deform in its own plane. (ii) A set of non-null eigenvalues k k 6 ¼ 0 (k P 4, . . . ,N), each one corresponding to an eigenvector y k that contains non-null components of some initial shell-type modes. This means that the new shell-type modes, for k P 4, are linear combinations of the initial ones, previously presented. These shell-type modes are designated as distortional modes since the cross-section ''distorts": it deforms in its own plane and involves also warping displacements.
If all the eigenvectors are assembled in the following transformation matrix,
the displacement field representation of the new shell-type modes (global and distortional) is given by
2 Note that the axial mode 1 has to be included in the orthogonalization procedure (hereafter) due to the fact that it is not orthogonal to the initial shell-type modes (both exhibit warping displacements u).
where u, v and w are the vectors containing the displacement profiles of the initial shell-type modes. After the completion of this task, one obtains the set of new shell-type modes, which are fully orthogonal and correspond to linear combinations of the initial ones. They are characterized by:
Modes 2 and 3: one term (h) in _ v, _ w and five terms (h, 3h, 5h, 7h, 9h) in _ u. Modes 4, 5, 8, 9, 12, 13, 16, 17, 20 and 21: five terms (2h, 4h, 6h, 8h, 10h) (2h, 4h, 6h, 8h, 10h, 12h, 14h, 16h, 18h) in _ u.
3
Modes 6, 7, 10, 11, 14, 15, 18 and 19: five terms (h, 3h, 5h,7h,9h) in _ v, _ w and nine terms (h, 3h,5h,7h, 9h, 11h, 13h, 15h, 17h) 
For instance, while the initial distortional mode 4 exhibited the displacement profiles given by Eqs. (45a) and (46a), both with m = 2, and Eq. (50a), the fully orthogonal distortional mode 4 is now characterized by 3 Note that some modes also possess a unit term (for instance, see Eq. (55a) for mode 5). Fig. 8 shows the configurations (in-plane displacements v and w) of the most relevant fully orthogonal shell-type modes exhibited by the elliptical section dealt with here (A = 150 mm, B = 100 mm). Note that the (global) bending modes 2 and 3 depicted in Fig. 8 are equal to the initial ones (Fig. 6) , i.e., they continue to exhibit the displacement profiles given by Eqs. (45) and (46), both with m = 1, and also Eq. (49). However, and from the comparison of Figs. 6 and 8, it becomes clear that the configurations of the fully orthogonal distortional modes (4-13) are distinct from their initial counterparts: the circumferential waves are more uniformly distributed (along the mid-line) in the fully orthogonal distortional modes (see Fig. 8 ) than in the initial ones (see Fig. 6 ).
In order to evaluate the cross-section mechanical properties associated to each deformation mode (modal mechanical properties), all the four (full) matrices C, D, B and X must then be transformed by means of the operations, The components of the transformed matrices _ C; _ B; _ D and _ X are the cross-section modal mechanical properties, namely (i) axial, bending and warping stiffness values (global modes) and (ii) several less familiar properties with no immediate mechanical meaning (distortional modes). The diagonalisation procedure described before is only capable of reducing the strong coupling exhibited by the GBT system of variational equilibrium equations -_ C and _ B are both diagonalised. Indeed, the following two sources of coupling still remain active:
(i) The non-diagonal linear stiffness matrix _ D (symmetric) generates minor coupling effects in either first order or buckling analyses.
(ii) The non-diagonal symmetric geometric stiffness matrix _ X generates coupling effects in buckling analyses.
Finally, the warping (or longitudinal) displacement profiles of the axial mode and the first five fully orthogonal shell-type modes (two global and three distortional) are depicted in Fig. 9 , in perspective (X is the member longitudinal axis). Note also that all these modes are shear undeformable since they satisfy the null membrane shear strain hypothesis ðc M xh ¼ 0Þ -remember that the initial warping displacement functions were determined to satisfy the condition (42).
Local-shell modes
Since one adopted the assumption of null transverse extension ðe M hh ¼ 0Þ, the shell-type modes are inextensible in the circumferential direction. In order to evaluate correctly the buckling behaviour of short cylinders, it is mandatory to include modes that do not satisfy the assumption of null transverse extension ðe M hh ¼ 0Þ. These new set of modes is designated as local-shell modes since the cross-section deforms in its own plain but, unlike the shell-type modes, it does not warp. One possible way to determine these modes is to consider a displacement representation with non-null flexural displacements w and null tangential and warping displacements v = u = 0. Since the critical buckling mode of short elliptical cylinders under axial compression is characterized by one bubble (''lobe") at the zones of lower curvature (close to the minor axis zone), that is for h = p/2 and 3p/2, one adopts the following sine function to characterize the local-shell modes,
In the present analysis, one also used m = 1,. . . ,10 and obtained 10 local-shell modes, which are characterized by w 1ls = sin(h), w 2ls = sin(3h), . . . ,w 10ls = sin(19h). For the EHS considered herein (A = 150 mm, B = 100 mm), the in-plane deformed configurations of the most relevant initial local-shell modes are shown in Fig. 10 . Despite the fact that some local-shell modes look similar, at a first glance, to some shell-type modes, one must bear in mind that the former are characterized by null transverse and warping displacements (v k = u k = 0). Notice also that all local-shell modes are symmetric with respect to the vertical axis (EHS minor width axis). This relevant evidence is correlated with the fact mentioned before, which states that the buckling mode is always characterized by bubbles (''lobes") in the EHS maximum radius zone. Notice also that the higher-order local-shell modes display more circumferential waves in the zone of minimum radius (h = 0 and p). Moreover, the local-shell modes are also shear undeformable since they satisfy the null membrane shear strain hypothesis (c Fig. 9 . Warping displacement profiles u k of the axial mode 1 and the first five (2-6) orthogonal shell-type modes (in perspective -X is the axial axis).
Despite the fact that these initial local-shell modes satisfy the assumption ðc M xh ¼ 0Þ, they are not fully orthogonal since both matrices C and B are also fully populated. Despite u k = 0 (no existence of primary warping), one should bear in mind that the matrix C ik is non-null since the second term in r.h.s. of expression (23) depends on w k 6 ¼ 0 (existence of secondary warping, i.e., shell bending w.r.t. its mid-line). Once again, solving the eigenvalue problem (51) and applying the same procedure described before (Eqs. 52, 53 and 56) leads to the complete diagonalisation of these matrices and to the identification of the fully orthogonal local-shell modes, which correspond to linear combinations of the initial local-shell ones (the most relevant ones are depicted in Fig. 10 ). The nine most relevant fully orthogonal local-shell modes are shown in Fig. 11 . The expression of _ w corresponding to each orthogonal local-shell mode now comprises 10 terms (h, 3h, 5h, 7h, 9h, 11h, 13h, 15h, 17h, 19h) . For instance, the fully orthogonal local-shell mode 1ls (see Fig. 11 ), which is precisely the mode with two lobes in the zone of maximum radius (h = p/2 and 3p/2), is a combination of several initial local-shell modes (see Fig. 10 ). Its flexural (or radial) displacement profile is given by The other local-shell modes possess an odd-number of circumferential waves in each half of the elliptical section (m = 3, 5 and 7 for modes 2ls, 3ls and 4ls, respectively). However, as the mode order increases (particularly evident for modes 8ls and 9ls), the circumferential half-waves with higher amplitude tend to move towards the zone of minimum radius (h = 0 and p).
Numerical solution
Before addressing the methods that can be used to carry out the member buckling analyses, the following remarks are appropriate:
(i) After extracting the deformation modes, one is able to calculate the cross-section mechanical and geometric properties, i.e., the transformed matrices _ C; _ B; _ D and _ X, and incorporate them into the variational equation (see (18) one is led to a one-dimensional eigenvalue problem defined by a system of differential equilibrium equations (one per deformation mode) and boundary conditions, both expressed in terms of the modal amplitude functions / k (x). The solution of this problem yields the member bifurcation loads (eigenvalues) and corresponding buckling mode shapes (eigenfunctions). (ii) A major advantage of the GBT analysis resides in the possibility of performing buckling analyses involving an arbitrary set of deformation modes -i.e., one may consider only the deformation modes known to be relevant for a certain problem. Then, one just needs to solve the ''subsystem" of (59) corresponding to those modes, to obtain upper bounds of the member bifurcation loads and approximate buckling modes -if all relevant modes are selected, these results are accurate.
The methods that have already been employed to solve the GBT-based eigenvalue problem are fairly standard in structural analysis. They include the Galerkin method and the finite element method, using a beam element that was specifically developed to perform GBT analyses (Silvestre and Camotim, 2003) . At this point, it should be mentioned that the GBT-based buckling results presented in this paper have been obtained through the application of Galerkin's method. Concerning the suitability of the above methods to solve a given buckling problem, it is worth pointing out that the Galerkin technique is extremely advantageous when applied to members with pinned (locally and globally) and free-to-warp end sections -indeed, since the eigenfunctions are known to display pure sinusoidal shapes of the type,
this technique can be readily used to obtain accurate buckling results. 4 In (60), d k is the amplitude of mode k (problem unknown), n is the number of longitudinal half-waves and L is the member length. 
Illustrative examples
The main objective of this section is to illustrate the application of the GBT formulation to study the local and global buckling behaviour of elliptical shells and tubes under compression, revisiting, when possible, some classical buckling formulae. In particular, in-depth studies concerning the influence of member length on the variation of the critical load and corresponding buckling mode shape are presented. Let one investigate the buckling behaviour of a simply supported cylinder made of steel (E = 210 GPa, m = 0.3), with length L and displaying the EHS configuration considered before, with major and minor axis width values A = 150 mm and B = 100 mm, and thickness t = 6 mm.
First, let us consider the case of short to intermediate length cylinders. With the purpose of study their buckling behaviour, let us incorporate in the analysis the family of fully orthogonal local-shell modes (see Fig. 11 ). The results obtained are presented in Fig. 12 , where the variation of the bifurcation load P b with the cylinder length L (in logarithmic scale) is depicted. From the observation of this figure, the following comments are appropriate:
(i) For a single half-wave in the axial direction (n = 1), the curve P b (L) exhibits a local minimum bifurcation load P b.min = 17790 kN, which is the exact minimum bifurcation load. Moreover, the buckling half-wavelength is L b = 60 mm. (ii) The buckling mode corresponds to the single local-shell mode 1ls, which is characterized by two lobes (or bubbles), each one located in the zone of maximum radius r(h), near to the minor axis zone (h = p/2 and h = 3p/2). This conclusion is perfect agreement with the results obtained by other authors Chen, 1964, 1967; Feinstein et al., 1971a,b; Hutchinson, 1968) : these zones of the elliptical section are ''less stiffened" than the zone of minimum radius r(h), near the major axis (h = 0 and h = p), and, therefore, they trigger the instability of the cylinder. What is surprising in this result is that a single local-shell mode (1ls), determined by means of mechanical assumptions that do not consider the geometric stiffness degradation effects, is capable of approximating correctly the buckling mode configuration. (iii) For more than one half-wave (n P 2), the exact P b (L) curve (dashed line) exhibits several local minima, all associated with P b.min = 17790 kN and characterized by the local-shell mode 1ls. For instance, a member with L = 480 mm buckles in a mode with eight half-waves (n = 8) in the longitudinal direction, as depicted in Fig. 12 -remember that L b = 60 mm and L = nL b = 480 mm. If one includes only this local-shell mode (1ls) in the analysis, the bifurcation curve P b (L) tends indefinitely to a straight horizontal line. (iv) Concerning the local-shell mode (or lobe mode), it is usual to evaluate the critical buckling stress by means of
This formula corresponds to the critical stress for the axi-symmetric buckling mode in circular hollow sections (CHS), but with r being equal to the maximum radius of the EHS r max = A 2 /B, which takes place in the less stiffened zones of the EHS (near to the minor width axis) where the lobes are located. This formula is length-independent (corresponds to an approximation of the straight horizontal line visible in Fig. 12 ). Using the expression (61), a lower bound (P cr = r cr A = 16132 kN) of the critical buckling load value (17790 kN) is obtained. The 10% difference is due to the restraining effects arising from the more stiffened zones of the EHS (near to the major width axis), which delay the instability of the less stiffened zones. as the cylinder may buckle in several longitudinal half-waves (n P 2). In addition to the solid curve (one longitudinal half-wave, n = 1), Fig. 13 also shows a small portion of the P b (L) curve (dashed line) corresponding to the buckling mode with two half-waves (n = 2). For 1300 < L < 2000 mm, buckling occurs in a critical shell-type mode 5 (m = 2) with 2 longitudinal half-waves (n = 2).
If one (i) considers short, intermediate and long EHS cylindrical shells, (ii) includes in the analysis simultaneously the families of shell-type modes and local-shell modes and (iii) adopts sine functions (Eq. (60)) with several half-waves along the longitudinal direction, one obtains the critical buckling curve P cr (L) depicted in Fig. 14 . Moreover, also shown are the critical load P cr values and critical buckling mode configurations obtained from shell finite element analysis using the code ABAQUS (HKS, 2002) . In these analyses, (i) S4R elements (isoparametric 4-node shell elements with reduced integration) were used, (ii) the wall was discretised with a total of 36 elements around the EHS mid-line and (iii) the maximum length-towidth ratio of the element was 1.5. Therefore, the number of elements depends on the member length L. Concerning the boundary conditions used in the ABAQUS model, all in-plane (cross-section) displacements were restrained (v = w = 0) and the warping (axial) displacements u were set free. All the local rotations at the member support sections are free. The observation of (i) For short to intermediate lengths (L < 720 mm), the critical buckling mode of EHS cylindrical shells is always the ''lobe" mode, which comprises only the local-shell mode 1ls. The several local minima (P cr = 17790 kN) correspond to a number of longitudinal half-waves that varies between n = 1 (L = 60 mm) and n = 12 (L = 720 mm). (ii) For intermediate length to long cylinders (720 < L < 2000 mm), critical buckling takes place mostly in distortional modes, which comprise only the shell-type mode 5. The two local minima (P cr = 15380 kN) correspond to the buckling mode with one (n = 1,L = 900 mm) and two (n = 2,L = 1800 mm) longitudinal half-waves. However, there is a very small length range (1200 < L < 1300 mm) between these two minima, where the bifurcation load associated with the local-shell mode 1ls is lower than the shell-type mode 5. In this very limited range, the ''lobe" mode becomes critical once again -observe that the load level in this zone (1200 < L < 1300 mm) is equal to that of the short to intermediate length range (L < 720 mm). (iii) For long cylinders (L > 2000 mm), the critical buckling mode is always the global bending mode (shell-type mode 2) and the critical load always drops (Euler curve). (iv) The analysis did not reveal any coupled buckling mode between global bending and distortional modes (2 and 5). A plausible reason for this fact is that, for lengths close to L = 2000 mm (limit length separating the distortional mode range and the global bending mode range, where the two modes may interact), these modes have different axial wave number: n = 2 for the distortional mode 5 and n = 1 for the global bending mode 2 (see Fig. 14) . Nevertheless, if one resorts to geometrically non-linear analysis of a member with L in the vicinity of 2000 mm, it is most likely that these modes may interact in the post-buckling stages. (v) For the cases analysed, the shell finite element results were in perfect agreement with the GBT ones. For L = 240 and 1200 mm, the critical buckling load values (P cr = 17700 kN and P cr = 17690 kN, respectively) correspond virtually to the numerical estimates obtained from the present analysis (P cr = 17790 kN) and the buckling mode configurations were very similar (local-shell modes with n = 4 and n = 20, respectively). For L = 900 mm and L = 1800 mm, the critical buckling loads (P cr = 15300 kN and P cr = 15290 kN, respectively) match perfectly with the predictions obtained from the GBT analysis (P cr = 15380 kN) and the buckling mode configurations were nearly the same (shell-type modes with n = 1 and n = 2, respectively). Moreover, notice that the finite element results confirmed the fact that, (i) for the limited length range 1200 < L < 1300 mm, the critical mode changes from distortional (shell-type) to the lobe (local-shell) mode configuration, and that, (ii) for L = 1800 mm, the critical mode is distortional with two longitudinal half-waves (n = 2). (vi) The main achievement of GBT analysis is that it uses fewer degrees of freedom (d.o.f.) and still obtains accurate results.
For the whole length range, the GBT analysis required only 36 d.o.f., corresponding to 12 sinusoidal functions (1 6 n 6 12, Eq. (56)) and three deformation modes (1ls, 5 and 2), to obtain the critical buckling curve P cr (L) shown in 
Parametric study
With the objective of investigating the variation of the critical stress r cr and the corresponding buckling mode nature with the cross-section dimensions, a limited parametric study is performed next. For the EHS geometry considered before (A = 150 mm, B = 100 mm, t = 6 mm), Fig. 15 shows the variation of the critical stress curves r cr (L) (i) with the wall thickness t (Fig. 15(a) ) and (ii) with the minor axis width B (Fig. 15(b) ) -in order to simplify and enable a better visualisation these curves, the local minima curve zone was replaced by an horizontal straight line. Moreover, the thick solid line represents the cylinder studied earlier. Concerning these figures, the following comments are appropriate:
(i) The length range where the local-shell buckling mode takes place decreases substantially with increasing thickness values: from L < 1400 mm (t = 1 mm) to L < 200 mm (t = 20 mm). The length range where the distortional buckling mode takes place decrease more slowly with increasing thickness values: from 2000 < L < 4000 mm (t = 1 mm) to 400 < L < 800 mm (t = 20 mm). Moreover, notice that for increasing thickness values, the difference between the local-shell buckling stress and the distortional buckling stress augments in a non negligible way. These facts make possible to conclude that the thickness increase leads to a higher relevance of the distortional buckling modes, in comparison with the local-shell (lobe) modes. Finally, the thickness has a minor effect on the global bending mode (all curves practically coincide).
5 This finite element mesh was obtained after the results (buckling loads) reached an acceptable convergence. (ii) For increasing minor axis widths B, the length range where the local-shell buckling mode and distortional mode takes place remains practically unaltered. For increasing B values, the local-shell buckling stress augments proportionally while the distortional buckling stress augments in a non proportional rate. However, for B values close to the A value (major axis width), the member ceases to behave typically as an elliptical shell and starts to perform more as a circular shell -in this case (A = B = 150 mm), the distortional buckling stress decreases a bit. According to Silvestre (2007) , the number of critical distortional modes increases in circular hollow sections: distortional modes with more than two circumferential half-waves (m P 3) may be critical. Fig. 16 shows the variation of the critical stress r cr with the thickness t and minor axis width B. A comparison is performed between the exact results obtained from the present analysis (solid lines) and the approximated values calculated by means of Eq. (61) (dotted lines). One can observe that both predictions vary linearly with the thickness t, but their difference augments for decreasing B values (the CHS and EHS behaviours become progressively more different) -the error grows up to 20%. In order to adjust these results, one proposes the following modified expression,
This formula is valid for B/A > 0.35 and the maximum error obtained never exceeds 5%. On the other hand, become aware of the fact that for very small values of the minor axis width (e.g., B = 10 mm), i.e., for very eccentric ellipses 6 , the variation of the critical stress with the thickness t ceases to be linear and becomes clearly non linear (see also Fig. 16 ). In this case, none of these expressions (Eqs. (61) and (62)) should be applied since both depend linearly on t. Furthermore, for small B values, the critical stress becomes progressively independent on B. These two evidences (non linearity in t and independence on B) are in close agreement with the fact that the elliptical section buckling behaviour tends gradually to the buckling behaviour of a plate with both longitudinal edges fixed and width 2A -these plate edges correspond to the EHS zone of minimum radius, near to the major axis. In this case, it is well known that the critical stress of a uniformly compressed plate is given by
Note that the critical stress now depends non-linearly (quadratically) on t and is B-independent. The results obtained using formula (63) are also depicted in Fig. 16 (gray solid curve) and it is possible to conclude that they approach acceptably the exact critical stresses for the EHS with B = 10 mm.
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Conclusions and future developments
The buckling behaviour of elliptical cylindrical shells and tubes under compression was analysed in this paper. Initially, it was presented a formulation of Generalised Beam Theory (GBT) developed to analyse the elastic buckling behaviour of members with non-circular hollow section (NCHS). Since the variation of the radius along the cross-section mid-line represents an additional difficulty, the determination of the GBT deformation modes of the elliptical hollow section (EHS) was adapted to account for this specific aspect. Then, two independent sets of fully orthogonal deformation modes were determined. They incorporate local-shell modes, satisfying the null membrane shear strain but exhibiting transverse bending and extension, and shell-type modes, satisfying both assumptions of null membrane shear strain and null transverse extension. In order to illustrate the application and potentiality of the proposed formulation, the local and global buckling behaviour of elliptical hollow section members subjected to compression was investigated. It was shown that (i) short to intermediate length cylinders buckle in local-shell modes, exhibiting only transverse bending and extension, and (ii) intermediate length to long cylinders buckle mostly in shell-type modes (distortional and global modes), which are characterized by transverse bending and primary warping displacements. The computational efficiency of the present formulation was evident since only three deformation modes were necessary to evaluate the buckling behaviour of EHS cylinders for a wide range of lengths. Moreover, detailed studies about the influence of member length on the variation of the critical load and corresponding buckling mode shape were reported. Finally, with the purpose of validating the developed formulation, the results obtained were compared with values yielded by shell finite element analyses.
One last word to mention that the present work on the elastic buckling behaviour of EHS cylinders and tubes aims at developing new GBT formulations. One of these is a fully geometrically non-linear formulation incorporating geometrical imperfections, which will be essential to analyse the post-buckling behaviour of EHS cylinders. The performance of both geometrically non-linear analysis and yield-line mechanism analysis of imperfect EHS members will enable the evaluation of their ultimate loads in the near future. Additionally, one intends to implement the abovementioned formulation with ply orthotropic constitutive relations. This task will enable the performance of buckling and post-buckling analyses of composite EHS members (cylinders and tubes) with arbitrary layer configurations.
